Abstract A set of Bell inequalities classifying the quantum entanglement of four-qubit states is presented. These inequalities involve only two measurement settings per observer and can characterize fully separable, bi-separable and tri-separable quantum states. In addition, a quadratic inequality of the Bell operators for four-qubit systems is derived.
Classification of four qubits with Bell inequalities
Consider N parties and allow each of them to choose independently between two dichotomic observables A j , B j for the j-th observer, where A j = a j · σ j and B j = b j · σ j , with σ j = (σ 1 (j) , σ 2 (j) , σ 3 (j) ) the Pauli matrices on the j-th qubit, and a j = (a (1) j , a (2) j , a
j ) the real unit vectors. The quantum mechanical Bell operator on the N − 1 qubits except for the i-th qubit is defined as [12] [2] .
In the following we study the characterization of entanglement for four-qubit systems, N = 4. 
Proof. A general pure four-qubit state can be written as |ψ = 1 i,j,k,l=0 a ijkl |ijkl with normalization
A mixed four-qubit state can be expressed as ρ = α p α ρ α , where 0 < p α ≤ 1, 
it is sufficient to consider the pure states. The fully separable pure states can be transformed into the form |ψ = |0000 in suitable bases. Therefore it is direct to verify that
Similarly one can prove that | D 4 (i) | ≤ 1 for i = 2, 3, 4.
Next we consider the cases of tri-separable states. We denote ρ ij−k−l a tri-separable state of the form ρ ij ⊗ ρ k ⊗ ρ l , in which qubits i and j are entangled, while qubits k and l are separable, i = j = k = l = 1, 2, 3, 4.
Theorem 2. For any tri-separable states
Proof. We consider the case of ρ 12−3−4 . Every pure state in ρ 12−3−4 can be written in a Schmidt form,|ψ = (cos α|01 − sin α|10 ) ⊗ |0 ⊗ |0 . Therefore
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3 )| ≤ Finally we consider the cases of bi-separable states. There are two classes of bi-separable ones. i) Two entangled qubits i and j are separable from other entangled qubits k and l. For example, we denote ρ 12−34 the bi-separable state of the form ρ 12 ⊗ ρ 34 , where the qubits 12 and 34 are entangled respectively. ii) A qubit i is separable from the rest genuine tripartite entangled qubits j, k and l. For instance, ρ 1−234 denotes a bi-separable state of the form ρ 1 ⊗ ρ 234 , where qubits 234 are genuine entangled.
Theorem 3. For all bi-separable states ρ, we have
for ρ in class i), and
for ρ in class ii).
Proof. We first consider bi-separable states in class i). A pure state in ρ 12−34 has the following general form, |ψ = (cos α|01 − sin α|10 ) ⊗ (cos β|01 − sin β|10 ). Hence
(1)
Similarly one can get | D 4 For bi-separable states in class ii), we consider the case of ρ 1−234 . There are two inequivalent kinds of genuine three-qubit entangled states, the GHZ-type and W-type [23] . For simplicity in the following we denote c x = cos x and s x = sin x. The GHZ-type state can be written as
where
is a normalization factor. The W-type state can be written as We calculate here the value | A 2 A 3 A 4 |ψGHZ |. The other items have similar expressions.
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where we have used the Cauchy-Schwarz inequality and the relation
, for which the equality holds if and only if a = b = c = d. Therefore we have
Similarly one can obtain | D 4
The cases for ρ 2−134 , ρ 3−124 and ρ 4−123 can be similarly proved.
The quadratic inequality of Bell operator for four qubits
We derive now an analytical quadratic inequality of the Bell operator for four qubits. The four-qubit states ρ can be written as [24] ,
Set
2 , Q
3 ), Lemma. For four qubits pure states, we have the following equality,
Proof. A four-qubit pure state |ψ can be also written as [25] ,
where l i with i = 7, 8, 9, 10, 11, are non-negative real numbers and |l 0 | ≥ |l i | for i = 1, 2, . . . , 11. Comparing ρ = |ψ ψ| with (5), we have the relation (6) by straightforward calculation.
are all invariants under local unitary transformations, and equality (6) holds for all pure states. The minimum of | − → Q | is attained for fully separable states and the maximum of | − → Q | is obtained for maximally entangled states.
Theorem 4. Any four-qubit mixed state ρ satisfies the following inequality,
Proof. Due to that the quadratic function is a convex function,
it is sufficient to consider only pure states. Set
where i = 2, 3, 4. After straightforward calculations, we have
, one can set
for i = 1, 2, 3, 4, and obtain ω ≤ 4. For other cases inequality (7) can be similarly proved. 
Conclusion and discussions
We have investigated the classification of four-qubit entanglement in terms of Bell inequalities that involving only two measurement settings per observer. And a quadratic inequality of Bell operator for four-qubit systems has been obtained. The Bell inequalities satisfied by fully separable, bi-separable and tri-separable states of four-qubit systems are analytically derived. Our approach and some of the obtained formulas can be directly generalized to multipartite qubit systems.
However, our inequalities are not both sufficient and necessary for separability of general four-qubit states. The separability problem in terms of Bell inequalities has been solved only for two-qubit case, any pure entangled two-qubit states violate the CHSH inequality [26] , as well as the three-qubit case where Chen et al. showed that all pure entangled three-qubit states violate a Bell inequality [27] . For mixed four-qubit systems, the separability problem remains open. Endrejat et al. discussed in [28] the relations between optimization operators and combination of the global entanglement measures. One may conjecture that to make the inequalities sufficient conditions for separability of a four-qubit mixed state, in addition to our Bell operators, some new Bell operators are needed.
